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Abstract 



We construct extremal, spherically symmetric black hole solutions to 4D supergravity 
with charge assignments that preclude BPS-saturation. In particular, we determine the 
ground state energy as a function of charges and moduli. We find that the mass of the 
non-BPS black hole remains that of a marginal bound state of four basic constituents 
throughout the entire moduli space and that there is always a non-zero gap above the 
BPS bound. 
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1 Introduction 



The construction of regular black hole solutions in supergravity has been a major research 
area for many years. This effort has given a very complete understanding of the BPS 
black holes and their non-extremal generalizations. However, there are many assignments 
of asymptotic charges which do not correspond to regular, spherically symmetric BPS black 
holes. The black holes describing such configurations are qualitatively different from their 
BPS relatives. This makes them interesting, but also more complicated than the BPS so- 
lutions. In fact, there are many simple cases where the black hole solutions have not even 
been constructed. This paper seeks to fill this gap. 

The shortcoming of the standard inventory of solutions can be put in context by a well- 
known example. Consider the D0/D4 black hole solution with asymptotic moduli taking 
canonical values. In this case the BPS black holes correspond to one sign of the DO-brane 
charge (in our conventions Qo > 0) while the non-BPS solutions correspond to the other sign 
(alas, Qq < 0). Moreover, as long as we consider the simplest assigment of moduli, the BPS 
and non-BPS solution are related by analytical continuation: simply invert the sign of the 
gauge field coupling to DO-brane charge, keeping the geometry and all scalar fields invariant. 

The point we wish to make is that this simple D0/D4 example is non-generic. In a 
more general situation there are further charges present in the configuration or, equivalently, 
nontrivial background moduli have been turned on. Either way, it is no longer possible to 
continue analytically between the BPS and the non-BPS solutions. In fact, the two types 
of solutions depend on charges so differently that their relation is nonanalytic. In this sense 
the non-BPS class of solutions are reminiscent of a different phase or, at least, a different 
branch of configuration space. 

We focus on = 8 supergravity for definiteness and consider a type IIA duality frame 
where all charges correspond to D-brane^. The general distinction between the two branches 
is encoded in the quartic invariant which in the present context can be written as [U [2] 
(E = 0..3,z = 1..3): 

h = AQoP'P^P^ - AP^Q.Q^Qs - ( Yl ^^^^ ) + ^ 5Z P'Q^P'Qi ■ (1-1) 

The charge configurations with J4 > have a BPS limit whereas those with /4 < do not. 
Thus the configuration space of non-BPS solutions is as large as that of the BPS solutions, 
in that they have the same number of continuous parameters. The entropy of the black holes 
on either branch is given by [3]: 

5=-^vW- (1-2) 

The entropies of the two branches are therefore related in a simple way. However, the 
solutions have no simple relation. 

The most general spherically symmetric black hole solution in = 8 (or N = A) super- 
gravity can be generated by acting with dualities on a seed solution with at least five charges 

^Most results apply to = 2 and iV = 4 supergravity after obvious changes of notation. 
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[ll[5]. Five parameter generating solutions were constructed in the BPS-case long time ago 
[3 [3 SIS], but on the non-BPS branch only four parameter solutions have been constructed 
so facl. The solutions we construct are the general seed solutions. 



The charge assignments we focus on do in fact permit BPS solutions, at least in some 
cases. Those BPS solutions are the multicenter solutions, which have been the subject 
of much recent interest [121 US]- These multicenter solutions have the same asymptotic 
charges as those we construct, but only exist for a limited set of possible background moduli. 
Nevertheless, since the multicenter solutions are BPS, and so have less energy than the 
solutions constructed here, we suspect that there is an interesting interplay between the two 
classes of solutions. We hope to return to this point elsewhere. 

In this work we focus on the extremal case for conceptual clarity, but the non-BPS branch 
of solutions include generalizations of these with more energy, and with angular momentum. 
The solutions we construct represent ground states, since they are extremal. From this 
perspective the interesting output of the solution is the non-BPS mass formula. In the 
D0/D6 duality frame the mass takes the form [T31 [T^ 15]: 



We determine the generalization of this formula that includes B-fields on the world-volume 
of the D6. More generally, we suspect that the non-BPS formula reflects interesting and 
rather generic data that probes supersymmetry breaking in the gravitational sector. 

This paper is organized as follows. Section 2 gives an overview of our conventions, the 
equations that need to be solved and of the various types of attractors. Section 3 is a review 
of known results for BPS attractor flows and uses a D0-D4-D4-D4 charge vector. Section 
4 gives new results for the non-BPS extremal attractor flows in terms of one seed solution 
with D0-D4-D4-D4 charge, with some important group theory features. Section 5 dualizes 
these results to get a DQ — DO non-BPS attractor flow. Finally, section 6 closes with a brief 
discussion. The details of our non-BPS solution are derived in an appendix. 

While this paper was in preparation, some overlapping and complementary results ap- 
peared in [16]. 



We want to be specific about our notation and so we begin with a small review of our setting. 
^To our knowledge, the first examples of non-BPS extremal solutions were found in [TOl [TT|. 
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2 The Setting 
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2.1 The Theory 



We work in the framework of = 2 supergravity coupled to a number of vector multiplets. 
The bosonic action terms in the action are [IT] : 

I d'xC = ^ ld'x[-^ + G^id.z^d'^z' + Im (A/'as^^-^^;.^)] , (2.1) 



SttG 



N 

where T^^ = 4- -pkiiu 

We focus on the Af = 2 theory known as the STU-model [HI [191 [20] . We will interpret the 
model in terms of HA theory on a of the form T'^ xT^ x T^. The D0/D2/D4/D6-branes 
wrapping the various T^'s give four magnetic and four electric charges. The STU-model in 
J\f = 2 theory captures the essential features of extremal black holes in the A/" = 4, 8 theories 
and many of it's features also generalize well to extremal black holes in other M = 2 theories 
(such as those from CY compactifications). 

In A/" = 2 theory it is convenient to use the language of special geometry. In the STU 
model the prepotential and its derivative are: 

We gauge fix the projective coordinates X^ (A = 0,1,2,3) so X° = 1 and then write 
X' = z' = x' - iy' (i = 1, 2, 3)i The Kahler potential is: 

K = -\og z(FeX^ - FsX^) = - HSymys) . (2.3) 

The corresponding metric and connection on moduli space are: 



I 



G^l = dAK = j^,, Tl = -. (2.4) 

Here i is not summed over. The central charge of the M = 2 superalgebra is written in terms 
of the superpotential VT, as: 

Z = W = [X^Qa - FaP^] . (2.5) 



2.2 Charges 

The electric and magnetic charges are defined as: 

■^Some authors use z* = + iy^. Then in order to keep the Kahler metric positive, the sign of the 
pre-potential F is opposite. The resulting scalars are the complex conjugate of ours, as is the central charge. 
The sign of the electric charges Qy. are the opposite. 
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where the symplectic dual field strength is: 

Q'A = -^^^=^^^^^^'' ■ (2.7) 
The physical charges (12.61) are organized in symplectic pairs: 

r = (p^,gs). (2.8) 

They have units of length and are related to dimensionless quantized charges by some dress- 
ing factors. We will normalize the asymptotic volume moduli so ?/'|oo = 1 but keep the 
asymptotic B-fields = = ^ jy B as free variable^ Then the dressing factors are just 
numerical factors 

P^ = C^/, QE = C^sgs, (2.10) 
which are essentially the masses of the underlying branes: 

C° = = Vg^6 , = 2'/^GnMd4 = Vg^6 ■ - , (2.11) 



Go = 2^/^G^M^o = a/ — , a = 2'/'Gj,Mn2 = \—-v.. 

Here Vi are the volumes of the T^'s measured in string units Vi = V^,/(27r/s)^. The overall 
compactification volume is vq = V1V2V3 and the D = 4 Newton's constant Gn = IIqI/^vq. 



2.3 The Equations of Motion 

For the spherically symmetric, extremal solutions we are interested in, the metric takes the 
form: 

ds^ = -e^^Wrft^ ^ e-2t/M^^2 ^ ^2.12) 

where the warp factor is a function of r = l/\x\ only. The functional form of the gauge fields 
is fixed in terms of this warp factor and the charges and generates an effective potential for 
the scalars of the form [211 122] : 

Vbh = \Z\^ + J2\'^iZ\^ (2.13) 

i 

= {\Wiz,, Z2, ^3)1' + \W{z,, Z2, ^3)1' + \W{z,, Z2, ^3)1' + \W{z,, Z2, ^3)!') • 

Spherically symmetric solutions extremize the Lagrangian of the equivalent mechanics prob- 
lem: 

Ces = {Uf + G^^^ + e^^VBH , (2.14) 

can change to conventions where y^\oo 

= Vi is nontrivial by taking = z^vi. The effective potential 

(introduced below) satisfies: 

VsHiP" ,Q^,z') ^ GNVBHip" ,qi:rz") , (2.9) 

so it is natural to associate the dressed charges P^,Qt, with the unit normalized 2;"s and the quantized 
charges p^, with volume normalized 5"s. 
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which amounts to solving the Euler-Lagrange equations: 

U = e^'^VBH , + r},i^i^ = e^'^d'VBH . (2.15) 

Solutions must also satisfy the Hamiltonian constraint: 

+ G^z^z^ - c^^Vbh = . (2.16) 

In all these equations dots denote derivatives with respect to r. In the appendix we make 
these equations explicit for the STU-model. 

2.4 At tractors 

Black hole solutions are characterized by their conserved charges. In our setting the asymp- 
totic data is just the charge vector T = (P^, Qe) because we assume spherical symmetry (so 
angular momentum vanishes) and extremality (so the mass is determined by the charge as 
the minimal one giving a regular black hole). 

In A/" = 8 theory there are qualitatively different classes of black hole solutions, classified 
by the quartic invariant /4(r): if /4(r) > the solution is BPS but if /4(r) < the single 
center solution cannot be BPS. If the invariant is null, the solution is BPS but preserves 
more than the minimum 1/8 SUSY [23l [2^. 

The Af = 2 STU-theory inherits the quartic invariant from the Af = 8 theory: 

/4(r) = AQoP'P^P^ -AP'Q'Q^Q' - {P'^Qj^Y + 4j2P'QiP'Qj ■ (2-17) 

It may happen that some of the /4(r) > solutions do not preserve any of the Af = 2 
SUSY even though they do preserve some of the Af = S SUSY (see [251 El]). Although such 
solutions are non-BPS in the Af = 2 theory they have essentially the same properties as the 
BPS solutions. Our interest are in the soutions with /4(r) < which are non-BPS whether 
in TV = 2 or TV = 8. 

The extremal black holes, be they BPS or not, all exhibit an attractor mechanism. One 
can solve for these attractors values by minimizing Vbh{X-, -2*) as a function of the z*'s with 
fixed F. For the BPS solutions of the STU model, the vector-multiplet moduli, z*, are all 
completely fixed at the horizon and given by the following expression: 



p^ + idQjl'\T) 

P^ + ^^QJl'\T) 



4x = • (2.18) 



The non-BPS attractors with 1^ < Q are qualitatively different: out of the six real moduli 
in the STU model, there are only four fixed scalars and two flat directions. The expression 
for the attractor values for the four fixed scalars is now somewhat more complicated due to 
certain subtle phases [2^1 . The appearance of fiat directions is most easily appreciated in 
the DO — DQ duality frame where the relative size of the T^'s remain undetermined upon 
extremization of Vbh- We will return to this point in much more detail. 
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The entropy (from the horizon area) of all extremal solutions, whether BPS or not, is 
essentially the effective potential fl2.14p evaluated at the extremum: 



which can be shown to give 



3 BPS Solutions 



s = ^V\h(rY\- (2.20) 



Before describing new extremal non-BPS solutions to the STU-model and the A/" = 8 theory 
we review the familiar BPS solutions [1[ ETJ EHl 129] . 

3.1 A Simple BPS Solution: D0-D4 Without B-fields 

A good benchmark solution is the case of a DO — DA — DA — DA black hole with Qq > and 
> but = Qi = 0. This charge configuration is BPS. Thus its attractor values are 
given by ( 12.18^ which become: 

where we introduced sjm = \^jki\- These attractor values give a natural way to write down 
the full solution in the simple case where the -B-fields, encoded in the moduli x\ vanish 
asymptotically. One starts with four harmonic functions: 

H^ = 1= + PW, Ho = ^ + QoT, (3.2) 

and then the solution to our effective Lagrangian is: 

= AHqH^H'^H^ , (3.3) 



Inspecting the limit r ^ oo we recover the attractor values (13. ip and the black hole entropy 
(I2.20p . It is also evident that for this solution the mass formula is just the marginal sum: 



GnM=- 
2 



^(Qo + $^PO=^I-o. (3.5) 



This also follows from the fact that without B-fields the phases of the individual central 
charges for the DO-brane and D4-branes: 

Zdo = 2-'/' Qo , ^d4« = 2-^/2 , (3.6) 

are completely aligned (such marginal bound states in terms of more basic constituents were 
initially explored in [301 [3T]). 
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3.2 The Most General BPS Solution 



By expanding the framework above one can accommodate a wider range of asymptotic 
data, including the appearance of B- fields and a more general charge vector F (see e.g. 
[T2I [32I [33I [31]). In addition to the four harmonics Hq,W we need four more harmonic 
functions H'^, Hi. Defining the constant terms: 

Too = {P^,Qa) = iH^\T=o, Ha\t=o) , (3.7) 

we can write the whole set of harmonic functions compactly, as a single charge- vector valued 
function: 

nir) = T^ + Tt . (3.8) 
The constant terms (13. 7p are subject to two conditions: 

j4(roo) = 1 , (r. Too) = p'^Qe - QaP^ = . (3.9) 

As long as these are satisfied we can completely describe any /4(r) > solution succinctly 
using a generalization of the entropy formula to an entropy function and a generalization of 
the attractor equations called the stabilization equations [32j. The warp factor is obtained 
by inserting our charge- valued harmonic function into the entropy formula in fl2.17p : 

g-4C/(r) ^ I^(n{T)) . (3.10) 

Similarly the solution of our scalars is obtained by generalizing the attractor equations to: 

^ H-(r)^m„.liy(r)) 

It is straightforward to verify that this formalism recovers the simple solution in (13.31) . 

As a special case of (13.111) we note that the constants in the harmonic function. Too, 
satisfy the attractor equations. This is the attractor at infinity [55], a map between the 
6 real moduli and the 8 constants in the harmonic functions which are subject to the 2 
constraints (13.91) . The fact that BPS attractors completely fix the scalars is crucial for our 
ability to write the full solution in the attractor form (13. 10113. lljl . 



3.3 D0-D4 Revisited: Non-trivial B-fields 

We now apply this machinery to our D0-D4 BPS solution and use it to include non-trivial 
B-fields. Thus we introduce general constant terms for the harmonic function Ho,H^ and 
also allow the harmonic functions Hi to have non-zero constant terms as well. All these 
parameters are fixed in part by our choice that the asymptotic volume moduli = 1. We 
parameterize the remaining freedom in terms of the asymptotic B- field densities, = x^. 
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and a phase a which we will explain shortly: 



1 



(3.12) 



Q\ = -= [sina(l — B2B3) — cos«(i?2 + -B3)] , (and cyclic permutations) 

V2 



fi* - JJ 5^ sin a + (1 - ^ B'B^ 



cos a 



i<j 



These expressions were constructed so that the first constraint in (13. 9p /4(roo) = 1 is satisfied. 
To satisfy the second constraint we must choose a so that(s*j!j = |eijfc|): 



(r,roo) = PVi-QoP' 



Im 



Qo + J2P''^(^ + 'Bn{l + ^B' 



V2 



2 Im [Ze~"^] = 



(3.13) 



In addition to specifying a in the solution we therefore find the interpretation of a: it is the 
phase of the central charge If we insert our harmonics into fl3.10p we get: 



-4U 



I + V2 



(Qo + J^PXl-s 



ijk 



COS a 



+ J2sijkB'P''si 



sm a 



r (3.14) 



This gives the correct BPS mass and black hole entropy: 

M ■■ 
S ■■ 



(3.15) 
(3.16) 



Expanding the general stabilisation equation (13.111) . the scalars take the form: 



-2U 



The moduli exhibit the correct asymptotic behavior, namely: 



(and cychc permutations) . (3.17) 



Z |t=0 



B^ -i 



Q^P^ 

¥,kiP'p' 



(3.18) 



In other words, we satisfy the boundary conditions we wanted at r = 00 and fiow to the 
previously determined attractor values at the horizon r = 0. 



^This is up to a shift by tt. This ambiguity is resolved by the mass formula 
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4 Non-BPS solutions: the D0-D4 case 



We now get to the core of our results, the non-BPS black hole solutions to the STU-model 
and the Af = 8 supergravity theory. We first briefly review how a non-BPS solution can 
be constructed by analytical continuation and then present the more general solution that 
cannot be obtained this way. We then discuss the non-BPS mass formula and the action of 
the dualities on our solution. 



4.1 The Simple Non-BPS Solution 

Once again we use the canonical representative, a D0-D4-D4-D4 charge vector. In the non- 
BPS case we assume Qq < 0, > so /4(r) < 0. As mentioned in the introduction, we can 
derive some simple solutions by analytic continuation from the BPS case [3 [2Sl ES] • Thus 
we can start from the harmonic functions: 

H' = ^ + PW, Ho = -^ + QoT, (4.1) 
and immediately write the non-BPS solution: 



e-^- = \4H.H^H^H^\, = -^/t:^^ ■ (4-2) 



In particular this gives the attractor values: 



(4.3) 



Our goal is to generalize the canonical non-BPS solution (14.21) to situations where the asymp- 
totic moduli are more general and/or there are more charges present. 



4.2 The Seed Solution: Non-BPS Black Holes with 5 Parameters 

The experience with BPS black hole solutions suggests several strategies which all appear to 
encounter difficulties: 

• We could determine the general attractor equations, like (12.181) for BPS, and then try 
to generate the full flow from appropriate stabilizer equations, like (13.111) for BPS. This 
approach was suggested for non-BPS solutions [26], but it does not seem to work in 
the general case where an extra phase appears in the attractor equations. This phase 
difficulty can be circumvented in the first order formulation for non-BPS black holes 
proposed in [27]. When considering the same superpotential as in this work, their 
flow equations describe the change in the phase from its value at asymptotic inflnity 
to its value at the horizon. When attempting to extend this formulation for general 
superpotentials, the proposal in ^38j fails to cover this phase change. 
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• Another strategy is to exploit the uphft to five dimensions where the situation is simpler 
[39] . The difficulty with this approach is the specific assumptions for the lift: the 
natural ansatz assumes that the 5D geometry is a time fibration over a Hyper-Kahler 
base. This assumption does not hold for known solutions like the D0-D6 solution in 

[3]. However, as it turns out, for the D2-D2-D2-D6 charge vector, the extremal 
non-BPS black hole solution found in [39] is U-dual to the extremal D0-D6 black hole 
we will present in the next section. 

• The solution generating technique acting on a Schwarzschild (or Kerr) seed solution 
gives the most general nonextremal solution, at least in principle. All solutions with 
a BPS limit were generated this way a long time ago [6l [7]. The technique works 
in principle for the non-BPS branch as well: it generated the D0-D6 solution in [3J. 
However, the solutions derived this way are parameterized in an unilluminating manner 
that has so far resisted extraction of the general non-BPS extremal solutions. 



Instead of attempting to generalize the approaches used for the BPS solutions we find our 
seed solution by direct integration of the equations of motion, generalizing another recent 
computation [10]. The solution identified this way has arbitrary DO and D4-brane charges 
as well as equal B-field densities, = B, on all three T^'s. 

We leave the full derivation of the integration of the equations of motion to appendix 
A and present the final solution in its simplest form. Once again we have four harmonic 
functions: 

W = ^ + P't, Ho = -^{l + B') + Qor , (4.4) 
with which we can write the solution as: 

e-'^ = -AHoH'H'H' - B\ = • (4.5) 

We have already mentioned that for the non-BPS solutions Qq < 0, P* > 0. With these 
assignments Hq < and W > 0; so the first term in the warp factor e~^^ is positive definite. 
The constant terms in Hq, are such that e~'^^ > 1 during the entire fiow < r < oo. 

The non-BPS solution with B-field f l4.5p gives the same attractor values for the scalars 
and also the same black hole entropy as the simple non-BPS solution without a B-field 
(14. 2p . These aspects are therefore reproduced correctly by analytical continuation from the 
BPS-solution discussed in section 3.3. However, we emphasize again that the full radial fiow 
cannot be obtained in this way. 

Although we have discussed our solutions in the setting of the STU-theory, they are 
readily embedded also in A/" = 4 and A/" = 8 supergravity. In these contexts they serve as 
seed solutions which generate the most general spherically symmetric black hole solutions 
upon acting with dualities. It also appears that our solutions generalize to other Af = 2 
theories with cubic prepotential. For such theories Sijk = \Ujk\ should be replaced by the 
structure constants Cijk, and H^H'^H^ should be replaced by the invariant ^Cij^H^ . 
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4.3 Duality Orbits 



The solution we have given above depends on exactly 5 parameters, four charges and a B- 
field, and so it is adequate to generate the most general black hole solution. We now review 
how this works in principle [5] . Explicit examples are postponed to the next section. 

The theories we consider have a continuous duality group G which is spontaneously 
broken by the scalar fields taking values on some coset G/H. Starting from a seed solution 
with some canonical values of the asymptotic scalars we can generate whatever more general 
values of the asymptotic scalars we desire by acting with G. Subsequently we can act with 
if, which leaves the scalars invariant, to bring the charges to the values we want to realize. 
That all solutions are generated this way depends on the details of the theory. 

In the STU-model G = SL{2,M.)^ and H = U{lY. Starting from our seed solution with 
asymptotic moduli = B—i for j = 1, 2, 3 we act with SL{2, M) on each to realize general 
moduli. There is some redundancy in this: since the seed solution already has one explicit 
modulus, B, there is a diagonal (the same in all three SL{2, M)'s) duality transformation that 
is not needed to cover moduli space. Having transformed to the desired point in moduli space, 
the next step is to realize all charge vectors without further changing the moduli. Since the 
moduli actually belong to (S'L(2, M)/f/(l))^, the U{1)^ leaves moduli space invariant. These 
f/(l)'s act on the relative phases of the the central charge Z and it's covariant derivatives 
V~-Z with corresponding actions on the charge vectors {p^,qA) (A = 0,1,2,3). In order to 
realize all charge configurations we also need to act on the overall phase of the central charge 
and it's covariant derivatives. This is precisely what the redundant {SL{2,'R)/U{1))'^ duality 
transformation can accomplish. We see that the fifth parameter, which we parameterize as 
a diagonal -B-field, is exactly what is needed in order that the most general solution can be 
generated. 

Let us also consider the general Af = 8 theory where G = E-jij^ and H = SU{8). Here 
we first act with -£^7(7) on the moduli in the seed solution, thus reaching a generic point in 
moduli space. We then transform the charges with H = SU{8), which leaves moduli space 
invariant. To be more precise, the central charges can be organized in an antisymmetric 
8x8 matrix x"* + iyab (a, 6 = 1, . . . , 8) with skew-eigenvalues Z\ (A = 0, 1, 2, 3). The SU{8) 
duality group transforms the central charges in the antisymmetric representation and one 
can show that it generates the most general charge vector from four real magnitudes and the 
overall phase of the skew-eigenvalues (left invariant because the SU{8) has unit determinant) 
[5]. Again, the extra parameter we have in our solution is equivalent to this overall phase. 

We also note that virtually identical considerations apply to the A/" = 4 theory which has 
duality group G = SO{m,n) and H = SO{m) x SO{n). 

The duality orbits are not special to the non-BPS branch, nor to the extremal case. We 
have merely reviewed why, and in what sense, seed solutions in four dimensions must have 
five parameters. From this point of view our contribution is to advocate a particular duality 
frame which make the seed solutions particularly simple. The group theoretic distinction 
between the BPS and non-BPS branches appears when we consider the attractor mechanism, 
the subject of the next subsection. 
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4.4 Non-BPS Attractors with Flat Directions 

Suppose we have followed the procedure just outlined and reached our desired duality frame, 
i. e. the asymptotic scalars have been set to realize a specific vacuum, and the charge vector 
has been transformed to 7 = (p^, ^a)- We then ask: what subgroup H of the duality group 
G leaves the charge vector 7 invariant ? 

We have defined H so that it leaves our charges invariant, but it generally acts non- 
trivially on the scalars. Denoting hj Hq C H the subgroup of the duality group that leaves 
both moduli and charges invariant we see that the coset H/ho is the nontrivial scalar man- 
ifold generated by duality transformations that leave the charges invariant. The physical 
significance of this coset is that it corresponds to new solutions with the same charges but 
different asymptotic moduli. Since the transformations act on the entire orbit these solutions 
can also have different attractor values for 2;* . The attractor values of the scalars are therefore 
not uniquely determined by the charges if the coset H/ho is nontrivial at the horizon. 

We defined ho as the elements in the duality group G that leaves both the charge vector 
7 and the moduli invariant. The group leaving moduli invariant (but not necessarily the 
charge vectors) is H, the maximal compact subgroup of the full duality group G. Since 
ho <Z H we find in particular that ho is compact. For typical values of the scalars, ho will 
be trivial, but at the horizon ho is enhanced to the maximal compact subgroup Ho ofnE- 
Therefore, if H is non-compact, there will be dimH — dimi^o fiat directions of the black hole 
potential for the given charge vector and the corresponding moduli are fixed by spontaneous 
symmetry breaking rather than dynamics. This set of fiat directions is parameterized by the 
coset H/Hq (see [111112] for more details). 

The important point we wish to make is that H/Hq is trivial for BPS black holes, but 
non-trivial on the non-BPS branch. In other words: the attractor mechanism determines all 
moduli for a BPS charge vector, but leaves fiat directions if the charge vector is non-BPS. The 
key distinction between BPS and non-BPS can be appreciated by contemplating the quartic 
invariant /4(r) (12.171) . Only for non-BPS charge configurations /4(r) < is it possible to 
have just two non- vanishing charges (P°, Qo), and in this frame there are clearly exceptional 
duality transformations which remain symmetries because (P*, Qi) vanish. These additional 
symmetries persist for other non-BPS charge configurations. We will be very explicit about 
how this works when we examine the D6-D0 realization of our non-BPS solutions in the next 
section. 

We end this discussion by reviewing the explicit expressions for the various groups. For 
the STU-model the duality group is G = SL{2, R)^ with maximal compact subgroup H = 
?7(1)^. In this case the non-BPS charge configurations are left invariant hj H = 5*0(1, 1)^ 
which has only the trivial compact subgroup Hq = 1. Therefore H/Ho = S0{1, 1)^ param- 
eterize two fiat directions which decouple from the attractor mechanism. 

For Af = 8 supergravity we need G = -£^7(7), H = SU{8). BPS charge configurations are 

^At first it seems naively like this enhancement should always hold, but U-duality elements acting on the 
charges act with a left action on the scalars represented as right-cosets of G, so compact elements of H need 
not always be in ho- 
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left invariant hj H = Eq(2) with the compact subgroup = SU{2) x SU{6) leaving the 
BPS charge vector invariant as well. The coset H/Hq = Eq(2)/ SU{2) x SU{Q) parameterizes 
40 flat directions, from the M = 2 point of view these are the decoupled hypermultiplet 
scalars. Non-BPS charge configurations are left invariant by if = -^6(6) with the maximal 
compact subgroup Hq = USp{8). The coset H/Hq = Eq(^q)/USp{8) parameterizes 42 fiat 
directions, which is just large enough to contain the forty hypermultiplet scalars and the two 
fiat directions we see in the STU theory. 



4.5 The Non-BPS Mass Formula and more General Moduli 

Now that we understand the symmetries which allow to easily generate other solutions from 
our seed solution, we would like to see how the extremal non-BPS black hole mass compares 
to the BPS bound for any moduli. 

We can appreciate the differences between BPS and non-BPS extremal black holes better 
by working out their masses for the seed solution. The non-BPS mass formula is also useful 
in physical applications. 

Expanding the warp factor (14. 5 p we find the mass: 

2G';vMNon-BPS = (IQol + Yl ^'(1 + ^')) • (4-6) 

There is a simple interpretation of this expression: the mass is just the sum of the masses of 
the DO and D4-branes individually, with the B-field taken into account for each constituent 
independently. Interestingly, this indicates that the non-BPS black hole is a marginal bound 
state. In the special case where all B-fields vanish the mass formulae are related by analytical 
continuation from Qq < to Qq > 0. However, the more general expressions with B-fields 
turned on are not related in this way. This indicates that the physics of the two branches is 
qualitatively different, in a manner reminiscent of a system with distinct phases. 

It is instructive to compare our non-BPS mass formula to the BPS bound Mbps = 
\Zr\/GN- 



2GnMbfs — 2|^r| — 



Q, + J2p'{1 + ^B)' . (4.7) 

i 

If we consider the gap between the squares of the two masses, we get that 

A = 8G%iM^-Mlps)=A\Qo\J2P'>^ ■ (4-8) 

i 

Thus the additional energy associated with a non-BPS state is always strictly positive. 

We have control over the general situation, with more charges and/or moduli turned on, 
due to the dualities spelled out above, in section 4.3. The masses are invariant under such 
transformations and so we immediately find: 

• The existence of a gap between BPS and non-BPS branch holds quite generally. 
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• The mass of a non-BPS extremal bound state is always the sum of the masses of four 
1/2-BPS (in the N=8 language) constituents. However, the quantum numbers of these 
constituents will generally be complicated. 

As a special instance of these considerations one might consider the DO — DA bound 
state and contemplate adding on general B-fields. This can be accomplished concretely by 
acting with the duality group H which leaves charges invariant and acts on moduli alone. 
The non-BPS formula for this case can deduced explicitly this way but it does not seem to 
be simple, since the stabilizer group which keeps the quantized charge invariant scales the 
volumes of the various T^'s so that the dressed charges vary. The physical origin of these 
difficulties is that, if some of the B-fields are not equal, the constituents will not be just 
DO-branes and D4-branes but also D6-branes with fiuxes. 

5 The D0-D6 Solution with B-fields 

In this section we work out the explicit example of a non-BPS black hole with only D6-brane 
and DO-brane charge but arbitrary moduli. There are several motivations for doing this: 

• We would like to compare our seed solutions to previously known non-BPS solutions 

MM- 

• In the D6-D0 frame the fiat directions that decouple from the attractor fiow are mani- 
fest: they correspond to adjusting the volumes of the individual T^'s without adjusting 
the overall volume. By working out the duality transformations explicitly we can 
exhibit the fiat directions in other non-BPS systems as well, including our original 
D0-D4 frame. 

• The D0-D6 system has interesting physical properties [lH HH |3l HH US, HHl [361 
Our supergravity solutions add new and interesting facts about this system. 

Our strategy is as follows: we determine the duality transformation relating the D6-D0 
U-duality frame to the D0-D4 frame and then use this to find the D6-D0 solution. We move 
in steps of increasing complexity, starting with no B-fields on the D0/D6, then 3 identical 
B-fields, and finally the more complicated case of 3 different B-fields. Along the way we take 
the opportunity to revisit the important group H, introduced as the stabilizer of the charge 
vector. We will make the group more explicit and further explain its significance. 

We will find is useful to move back and forth between two normalizations of our scalar 
fields, 2* and 5* = ViZ^, using the former for dressed charges and the latter for quantized 
charges. Duality transformations are simplest in terms of the quantized charges (p^, gs) but 
we will revert to the use of dressed charges when presenting our mass formulas. 
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5.1 Duality Transformations 

We want to transform between the non-BPS D0-D4 charges (go = g,J5*) used hitherto and 
the D0-D6 charges which we denote {qo,p^)- To so we recall that the charges of the STU- 
model transform in the (2, 2, 2) of the [SL(2, M)]^ duality symmetry. We can make the 
transformation properties of the charge vector (p^, q^) manifest by introducing the notation 
{aijk}- 

p° = Oiii , go = ~aooo ) 

= ooii , qi = oioo , (5.1) 

2 _ _ 

P — oioi , g2 — floio ) 
P^ = Olio , g3 = aooi . 

The duality transformations then become: 



o^'j'k' = (^i); {M,y (Ma),^ a,,, . (5.2) 



We have introduced three independent SL(2,R) transformations, Mj [j = 1,2,3), whose 
action on the complex moduli F = — i is: 

M, = h )V F^^^^. (5.3) 

The Mj's that dualize from the D6-D0 frame to the D0-D4 frame must satisfy the eight 
relations: 

- g = -010203 qo + hih2hp^ , 

= —0x02 C3 go + 6162 d^P^ , (and cyclic permutations) , (5.4) 

= ~Sijk aiCjCk go + kdjdkP^ , 
= -ciC2C3qo + did2d3p° , 

where Sijk = \^ijk\- There are no solutions to these equations unless the product qp^p^p^ 
is negative, as expected because we must be in the non-BPS branch (74 < 0) in order to 
dualize to the D0-D6 system. The D0/D6 charges p° and go can have any signs, which is 
also as expected since J4 < independently of those. Without loss of generality, we take 
{g < 0,p* > 0} and , go > 0}. With these assignments, the SL(2,M) matrices that map 
the D0-D6 charge vector into the D0-D4 configuration are: 



The duality invariant I4 is the same in either frame: 

/4 = 4g/p2p3 = -(p°go)'<0. (5.6) 
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This is necessary for the transformations Mi to belong to SL(2,M) and for the consistency 
of the relations (15 ■4p with the matrix (I5.5p . We will also need the inverse matrices, mapping 
the D0-D4 system into D0-D6: 

The transformation matrix (I5.5p is not the most general one mapping the D0-D6 charge 
vector into the D0-D4 configuration. There exists a two parameter family of transformations 
by considering different Aj {i = 1,2,3) subject to the constraint Ai A2 A3 = p^/qo- The 
existence of such general transformations agrees with the conclusion in our previous duality 
group orbit discussion. 



5.2 Flat Directions Made Explicit 

We now have the explicit formulae needed to make the abstract discussion of fiat direction 
in the previous subsection more explicit. By definition, the subgroup H is the subgroup 
of [SL(2,M)]^ that leaves a given charge vector T invariant. This subgroup is particularly 
simple to characterize for the D0-D6, since F has only two non-vanishing components. 

The explicit SL{2,'R)^ transformation is ( 15. 4p . but now with the D0-D6 charges on the 
left hand side as well as the right hand side. The solutions of the equations are the elements 
of H. We find SL(2,M) matrices of the form: 

Nr = K' ,1), E«-="- (5-8) 

Thus, in the D0-D6 frame, the action of this subgroup on the complex moduli is equivalent 
to a volume preserving rescaling. That is, each moduli is rescaled: 

2' e'"' z' , (5.9) 

keeping the product z^ invariant since = 0. 

The H action in the D0-D4 frame is more complicated, but it can be obtained by mapping 
the charge vector rj5Q_^4 to FDo-z^e, acting with N^'^^ in that frame, and mapping the charge 
vector back to the original D0-D4 frame. In other words, the action of H is given by the 
conjugated matrices N^'^^^ = Mi ■ N-^^^ ■ M~^: 

^(40)^/ coshttj pisinhaA "^^^.^o f5 10) 

* Ipj^^sinhttj coshoj / ' ^—^ % ■ 



One can explicitly check that the D0-D4 charges are left invariant under these transforma- 
tions. This action does mix the volume and metrics, as can be seen by writing the explicit 
action on the complex moduli fields F = — iy^'- 

^. ^ cosh 2a,- + (1/2) sinh 2a, [p,- + pji {^(j^f + {y^f)\ - ^ y. 
cosh^ a, + sinh^ a, [ix^Y + {y-'Y) + pj"*^ sinh 2aj x^ 
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This action applies to the entire flow. For example, we can act on the simple non-BPS 
solution (14. 2p . This will modify the simple attractor behavior (14.31) which, in particular will 
include B-fields after this transformation. This is despite the fact that charges have not 
changed. Thus the transformed attractor is sensitive to data beyond the charges, namely 
the asymptotic moduli (which are computed by (15.111) acting on the asymptotic moduli). 



5.3 D0-D6 with no B Fields 

Let us start with the seed solution written with undressed charges. Define a a new B-field, 
b = B/Gn, and the rescaled "undressed" harmonics ho = Cq^Hq and = (C^)~^H^. Then 
the seed solution can be written as: 



In order to have zero B-fields in the dual D0-D6 frame, we want the transformed moduli, 
0* = M~^(z*), to be purely imaginary. Inspection of (15.71) reveals this can only occur when: 

\z'\=p' Vr ^ h'=p{h + T), ho = q{h + T), (5.13) 

for some constant h. Thus, the D0-D6 scalars are: 



and the warp factor becomes: 



\P'Qo\ 


{h + ry + B 


\P'Qo\ 


{h + ry - B 



e 



= ^/{P^Qoy{h + Ty-B^ . (5.15) 



All the volumes Vi are equal on the DO — D6 side. This feature can easily be relaxed by 
acting with H (15. 9p . which will make the Vi general, while keeping the overall volume V1V2V3 
fixed. 

A less trivial task is to rewrite B,h in terms of physical quantities in the D0-D6 frame. 
First, from the normalization of the volume moduli at infinity, we get: 

A=,(f!V'^AV^^»4. (5.16) 



,<3o/ ■ |P»Qo|W-B 

Second, requiring that the warp factor ( 15.15^ asymptotes to Minkowski space we find: 

{P'^Qof - B^ = 1 . (5.17) 

This allows us to solve for {B, h} in terms of the D0-D6 dressed charges {Qo, P°}: 

B = ^(^-A'')= 2(pOQ„)i/3 l(^y'-Wo)'''''l. (5-18) 
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With these identifications the D0-D6 solution (15 .14115 .151) agrees with the one that was con- 
structed directly in [3]. 

Expanding the warped factor at first order in r gives the mass of the D0-D6 system: 

23/2G^M = 23/2(p0g^)2^3 ^ [(p0)2/3 ^ (g„)2/3]3/2 _ (5 20) 

Note that we can rewrite the mass formula as: 

23/2GjvM = 4 (^^^ [1 + A-^/' , (5.21) 

which is exactly the sum of the masses of four D6-branes with charge P°/4 and fluxes A^^ 

on each with signs (+ + +),( — h +), (H h), (+ H — ) as already seen in [HI [36]- This is 

an example of the more general phenomenon that the non-BPS mass can be interpreted as 
a marginal bound state of elementary constituents. 

5.4 D0-D6 with Equal B-fields 

To turn on equal B-fields we need a unique non-vanishing real part for the transformed 0' 
for i = 1,2, 3. This is achieved by considering the choice of harmonic functions: 

h'=p{h + T), 2 = 1,2,3 and ho = q{k + t) . (5.22) 

Using the inverse matrices (15. 7p and the above form for the harmonic functions, the trans- 
formed complex moduli (j>^ = — i are: 

- {h-k){h + T) 

^ ~ ^ (h + T){h + k + 2T)-2b' ^^^^^ 

y ^h + T){h + k + 2T)-2b' ^ ' 

(5.25) 

where we introduced b = b/ ^/Ihl- 

Let us proceed as in the vanishing B field configurations. First, let us make sure the 
metric is asymptotically Minkowski, by requiring the warped factor to vanish at infinity: 

t/(r = 0) = ^ I J4I kh^ -b'^ = 1. (5.26) 

Second, let us normalize the moduli at infinity: 

Yimz^ = B-i ^ B=^/\h\hx. ]- ^/\h\h{h + k) - b = K'^ . (5.27) 
T— >o 2 

Above, we did introduce the notation x = {h — k)/2, we used (I5.26P when necessary, and we 
already took into account the scaling relation F = Vj . 
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Equations (I5.26l) - fl5.27l) provide three constraints that allow us to fix the constants 
{k, h, b} in terms of the physical parameters {B, Qq, P^}. First, from the second equa- 
tion in Km -. 



(b + A 



-1\2 



I/4I h\h - x) = \h\ h\h - 2x) + \h\ h'x =l + b' + B 



(5.2^ 



where, in the last step, we used fl5.26p and the first equation in fl5.27p . The above determines 
b: 

6 = - [a (1 + 5") - 



Inserting this back into the second equation in (15.271) we get: 

1 



L\h^ - B = A-^ + b 



L\h^ = B 



A{l + B^)+A-^ 



(5.29) 



(5.30) 



This fixes h, and so we can use the first equation in (15.271) to determine x (o^' k). 

The mass can be obtained, as usual, by studying the first order asymptotic correction to 
the warped factor. This gives: 



2GnM = ^\h\h^ {3k + h) = >/\h\h (2>/\h\h'^ - 3>/\h\hx 



1/2 



A(l + ^2) + A"^ + 25 A{1 + B^) + A-^ - B . (5.31) 



This can be written in terms of the dressed charges {Qo, P^} as: 



2GmM 



V2 



1/2 



{P'f/'il + B') + {Q,f/' + 2B{P'Q,f'' 

{Py/%1 + B') + (Qo)'/' - BiP'QoY/' 



(5.32) 



This formula make look a bit perplexing at first. Once again, however, it has a natural 
interpretation sum of the mass of four D6-branes with fiuxes = A~^ coming with signs 
(+ + +), ( — h +), (H h), (+ H — ). The mass formula above is then re-written as: 



(l + (A-^-5)^ 

+ ^{1 + (A"' - Bf) (1 + (A-i - Bf) (1 + (A-i + B)' 



2^'^GnM = ^[l + [A-^ + Bfy\l + {A-^ + Bfy^{l + {A-^ 

pO / \ 1/2 / \ 1/2 / \ irz 

+ —(l + [A-^ + Bf) (^1 + (A-i _ s)2 j (^1 + (A-i - B)2j (5.33) 

po / \ 1/2 / \ 1/2 

+ ^ (1 + (A-^ - Bf) (1 + (A-^ + Bf) 

1/2 



1/2 
1/2 

( 

1/2 
1/2 



The variables P^ and A only depend on the product of the three volumes, so adjusting 
the volumes while keeping their product invariant will leave our mass formula invariant, once 
again the action of H. 



20 



5.5 D0-D6 with Non-equal B-fields: the Most General Solution 

To turn on three different B fields, we need to consider the most general set of harmonic 
functions: 

h'=p'{k' + T), z = 1,2,3 and ho = q{a + T). (5.34) 

Using the inverse matrices (15. 7p and the hj defined above, the transformed complex moduli 
(j)^ = — i are: 

X- = A--'*' V,fV' ,, (5.35) 

{k3 + T){k^ + t) + {a + T){t + t) - 2b ^ ' 

~. ^ o V(a + r)(F + r)(fc^ + r)(fc3 +Ty^ 
^ {ki + T){k^+T) + {a + T){k' + T)-2h' ^' ' 

(5.37) 

where we introduced b = b/ ^/Ihl- 

Let us map the constants in hj to the dressed charges and Bi fields. Requiring the warped 
factor to vanish at infinity is equivalent to: 

t/(r = 0) = ^ \h\ak^Pk^ -b'^ = 1. (5.38) 

The normalisation of the moduli fields at infinity gives rise to: 

lim = Bj-i Bj = l- (Isiji ^ k^ - a k') , (5.39) 

r-^o 2 y2 J 

y k^ + ak'-2b = , (5.40) 

where we defined Aj = Afj. To derive these expressions, we used (15.38^ when necessary, and 
we already took into account the scaling relation = z^ vj. 

Using (Km -. 

{b + A-^Y = (^^Sijik^ k' -ak' + 2ak'^ (5.41) 

= + \h\at^Sijiy k^ = l + b^ + , (5.42) 

where in the last step we used fl5.38p . allows us to determine b : 

b = l{Adl + B^)-Ar') . (5.43) 

Since the left hand side is a given number (6), we do explicitly see that for a given value of 
the Bi fields, the volumes Vi are entirely fixed at this point. The above equation gives rise 
to two conditions: 

Ai (1 + Bf) - Ar^ = A2 (1 + Bl) - A,' = A3 (1 + Bl) - A,' . (5.44) 
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There exists a third one coming from the fact that: 

Ai As A3 = A^ 



(5.45) 



These equations provide an imphcit map between the "fluxes" Aj and the Bi fields. A better 
parameterisation can be achieved by introducing a new set of parameters jSi as follows: 



A, 



In terms of these, the above conditions are: 



1 + B 



^Jl + Bl sinh pi = sJl + Bl sinh (32 = sJl + Bj sinh 



A^ 



o/3i+/32+/33 



Plugging fl5.43p into (15.401) allows us to fix a /c*: 

V^aF = ^ (A-i + A, (1 + Bf) - 2Bi) 
Using this into (15.391) fixes Sijik^ to be: 

(Ari + A,(l + 52) + 25,) 



1-^41 „ Sijik'^ k - 



1 + Bf cosh pi -Bi 



1 + Bf cosh pi + Bi 



(5.46) 



(5.47) 
(5.48) 



(5.49) 



(5.50) 



The mass can be obtained, as usual, by studying the first order asymptotic correction to 
the warped factor. This gives: 



2GnM= {k^kH^ + a{k^k'^ + k^k^ + kH^)) 



(5.51) 



To write this in terms of the physical charges and B moduli, let us first multiply the three 
independent equations (I5.50p . This allows us to determine the product k^ k"^ k^ : 



.1/2 



B, + x l + Bf cosh A 



(5.52) 



If we now multiply (I5.49P with (I5.52p and divide by fl5.50p . we can determine ak^k^: 



afciA;2= IL 1-3/4 



1 + Bf coshpi-Bi 



1/2 



B2 + \ l + Bi cosh/32 



1/2 



1 + coshps-Bs 



1/2 



(5.53) 
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with cychc permutation expressions for the analogous remaining terms appearing in the mass 
formula. We stress that to derive the above relation it may be convenient to use the identity: 



1 + Bf cosh A -BA[Jl + Bf coshA + B, 



(^1 + 52 cosh/3,- - B^ (y/l + 5| cosh/3,- + 5,-) , (5.54) 

for any pair {z, j} = {1, 2, 3}, which is a consequence of conditions fl5.47p . 
To simplify the final mass formula, it is convenient to use: 



1 + 52 cosh/3i ± 5i = y [1 + (A.r' ± Bif] . (5.55) 



This allows us to write the mass formula for arbitrary Bi fields as: 
2"^GnM = :^!(^l + (A-i + fii)2y^'(^l + (A-i + 52)')'^'(l + (A3^ + B 





pO 




T 




pO 


+ 




T 




pO 


+ 




4 




pO 


+ 




4 



N / N 1/2 / N 1/2 

l + {^-^ + B,f) (l + {^^-^ - B,f) (^1 + (A3 1 _ 53)2) (5.56) 

\ 1/2 / \ 1/2 / 

1 + (Ar^ - i?i)^) (1 + (A^-^ + ^2)') (1 + (A3 ' - 



.0 



N 1/2 / N 1/2 / N 1/2 

l + {^-,'-B,f) [l + {K,'-B,f) (1 + (A3 1 + S3)^) . 

Once again, the mass remains marginal and can still be interpreted as the sum of the masses of 
four D6-branes with the appropriate fiuxes. In this case, the fiuxes are determined implicitly 
as a function of the B fields. 

As we emphasized above, the volumes of the different T^'s are fixed in the current solution. 
We can generate a more general solution in which these volumes are generic, but having a 
fixed volume, as required by the attractor mechanism. This is achieved by the action 
of H . Since the mass M only depends on the charges Qq] and the three -B*, and all 
these are left invariant by if, the mass will remain marginal along all the moduli space in 
the D0-D6 system. Actually, using U-duality, we can extend this marginality claim on the 
DO — DA side even for non-equal B-fields. 



6 Discussion 

In this paper we presented constructions of the extremal non-EPS black holes in the STU- 
model along with their embeddings into the A/" = 8 and A/" = 4 supergravity theories. In 
addition to our detailed formulae, we highlight several qualitative lessons: 

• The extremal mass formula for the non-BPS black holes is generally not related by 
analytical continuation to the BPS mass formula. For generic charge vector and/or 
generic moduli the mass formula differ qualitatively between the two branches. This 
may indicate that analysis of the non-BPS black holes relying on analytical continuation 
is misleading. 
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• The non-BPS charge configurations have a canonical spht into four subparts, T = 
T0 + T1 + T2 + Tg, reahzed via U-duahty to the DO - DA - DA - DA frame. In this 
duahty frame the non-BPS mass formula takes the form of a marginal bound state 
of the subparts. This is quite different from the experience with BPS-black holes at 
generic points in moduli space. 

• The flat directions previously noticed for non-BPS attractors extend to the whole flow. 
This is due to the existence of a nontrivial subgroup H of the duality group G which 
leaves non-BPS charge vectors invariant, while acting non-trivially on the scalars in 
G/H. 

We expect all these results to extend to all symmetric supergravity theories by extension 
from the STU case. On the other hand, the flat directions we see are intricately tied to 
the symmetries of our scalar manifold so we don't expect to see such flat directions occur 
naturally in non-symmetric M = 2 theories. 

The marginality property of our non-BPS mass formula begs for an explanation. Such 
an explanation might possibly be found by following up on the surprising observation in ^8] 
that the near horizon regions for our non-BPS black holes can be lifted to super-symmetric 
flve dimensional solutions, with " supersymmetry without supersymmetry" as in [l9l [50] . In 
any case, an explanation is beyond the scope of this paper. 

One might also wonder if the marginality property extends to non-BPS extremal black 
holes (with or without wrapped D6-brane charge) in other M = 2 theories, especially those 
with cubic prepotentials. Finally, it would be interesting to know how the marginality 
property survives a' corrections to the action. In this context, it would be particularly 
interesting to look at cases where F is properly quantized but the subparts F^ are not. 

Acknowledgements 

We would like to thank Oleg Lunin for early discussions on this work. JS would like to thank 
the University of California at Berkeley for hospitality during part of this work. The work of 
EG is supported in part by the US DOE under contract No. DE-AC03-76SF00098 and the 
Berkeley Center for Theoretical Physics. The work of FL is supported by DoE under grant 
DE-FG02-95ER40899. The work of JS was partially funded by DOE under the contract 
number DE-AC02-05CH11231. 



24 



A Non-BPS D0-D4 with General Moduli: Derivation 



We consider a non-BPS system with DO-brane charge Qo < and three D4-brane charges 
> for 2 = 1,2,3. In order to be sufficiently general we include arbitrary complex moduli 
fields Zj = Xj — i Uj (j = 1,2,3) at the outset. 

The Lagrangian fl2.14p for the analogue mechanics problem is: 



i=l 



(A.l) 



where the potential Vbh in the case of the STU-model is: 
VBH(a;i,i/i) = — hQo 

2 1/1 1/2 1/3 1/1 1/2 1/3 2 



1/11/2 1/3 YS^P'fV- 



+ 



1/1 1/2 1/3 



1 

((P=^XlX2 + P'xiX3 + P^X2X3)' + V (l/.)' (P^ + ^kf] 



(A.2) 



Inspired by [ID] we introduce the rescaled field parameters and variables {sijk = l^ijkl)'- 







2 V-QoP'P^P' , R^ 



-QoP' 



Xi Pj t j , 1/j Pj 6 

In terms of these, the black hole potential Vbh simplifies to: 



— - e 



i<j 



The equations of motion are: 



U" 

and the constraint equation (12.161) is: 



2e 
2e 



BH , 

dU 

2U dVBH 



(A.3) 
(A.4) 

(A.5) 

(A.6) 
(A.7) 

(A.8) 
(A.9) 



Yet another set of field variables a^} (i=l,2,3) will help us to disentangle the coupled 
differential equations ( lA.6tlA.9T) : 



ai = U +^(t>i ^ -2(/), = f] + ^aj - Atti 

j 



(A.IO) 
(A.ll) 
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The dynamical equations now become: 



Vbh + 



dV, 



BH 



(A.12) 
(A.13) 



5][(aO^-2ar] + (/3')^ + E(«:-«;) = -2^''' f + E ^) ' (A-14) 

i i<j \ i * / 

as well as (1A.7I) . For the potential ( ]A.5I) we have: 

_0 g<^fc-0,-<^, ^ ^.)2 ^ g2<^, ^ g20,j ^ i, J ^ , (A.15) 





OVbh 

dcpk 


2 


Vbh-YI 

k 


dVBH 

d(f)k 


= Me 
2 


Vbh + Y, 

k 


dVBH 

d(j)k 


2 



2(</.i+(/)^) 



i<j 



i<j 



(A.16) 
(A.17) 



The dynamical equations still appear very complicated at this point but they are in fact 
integrable. It would be interesting to explore the structure that makes this possible but 
we will be content with simply finding the solutions, proceeding as follows [40l|. Suppose we 
could find solutions satisfying: 



M, 



i<j 



-Mq g2(aj+as,-ai) 
i^j^k 



If this is possible then flA.12p reduces to: 



and flA.MD reduces to: 



/3' = ±Moe^(l + 



(A.18) 

(A.19) 
(A.20) 



i<j 



One can check that flA.191) and flA.201) ensure that the remaining equations flA.lSP and flA.7l) 
are satisfied, provided we take the same sign in both equations. It is therefore sufficient to 
solve flA.18IIA.20p . 

The first equation in (1A.18I) can be reorganized as: 

(ai + a2 — as)" = ]\^2g2(ai+Q:2-a3) ^ (^a,nd cychc permutations) , 



which is readily integrated as: 



ai + Mqt = hi , (and cyclic permutations) 



(A.21) 
(A.22) 
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where Oj is a positive integration constant. One can check that this solution automatically 
satisfies the second equation in flA.181) . 

Inserting the solution (]A.22|) for in the moduli equations (1A.19P we find: 

t\ = ±Mo {tj + tk) - — Ir- , (and cyclic permutations) . (A. 23) 

hj hk 

It turns out that only the upper sign leads to regular solutions. For the lower sign we have 
the solution: 

U = - — — , (and cyclic permutations) . (A. 24) 

hj hk 

where c is a new integration constant. 

We are finally left to integrate flA.20|) which now takes the form: 

(3' = -Moe^ (l + .^S-^(^ + ^ + i-)) . (A.25) 
V hi h2 hs \hi h2 h-i) ) 

We find: 

2 2 

e"^ = (ao + MoT) - . ? . = -ho - . ? . . (A.26) 
hi h2 hs hi /i2 hs 

Here oq is yet another integration constant which must be chosen sufficiently positive so that 
e"^ > for all < r < oo. 

We have thus found a solution in terms of four functions h\ (A = 0, 1, 2, 3) that are linear 
in T or, equivalently, harmonic on a spatial slice of the black hole. There are five integration 
constants c,a\. We transform to a more natural set of harmonic functions by asking that 
each one has a r-dependence proportional to the corresponding dressed charge: 

ho = -^Ho, k = ^W. (A.27) 

If we use these new harmonic functions along with the changes of variables ( 1 A. 311 A. 41) and 
(1A.10IIA.TT!) we can present the solution in terms of the physical warp factor: 

e"^^ = -ho hi h2 h-c^ = AHoH^H^H^ - , (A.28) 

and the complex moduli fields: 

^Sijkhj hk SijkH^ 

We can now match the asymptotic conditions at infinity, z"^ B — i and e^^ ^ 1, by 
choosing c = B and taking the other constants to be: 

Mo , Mo , , 

ao = ^^(1 + B^), ai = ^^. A.30 

This completely specifies our seed solution. 
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